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accuracy for homogeneous as well as for heterogeneous portfolios with respect to PD and 

EAD. In each simulation run we generate a portfolio and determine its ES by the three mod-

els. After 100 runs we calculate the root mean squared error for the outcomes of the Pykhtin 

model and of the Cespedes models I and II53 in absolute and relative terms to quantify its per-

formance in comparison to Monte-Carlo-Simulations using 500,000 trials. Furthermore, we 

calculate the VaR with the Basel II formula and with Monte-Carlo-Simulation to measure its 

accuracy compared to ESmf. In the following we describe the four simulation settings. 

 

Simulation I: In this scenario we generate portfolios with homogenous exposure sizes and 

homogenous PDs, that is, iw 1/ 5000  and iPD PD const  for each credit. To test the ac-

curacy for different portfolio qualities a PD is drawn from a uniformly distribution between 

0% and 10% before each new run. The sector structure and correlation is the same as in sec-

tion 4.1. 

 

Simulation II: We generate portfolios with homogenous exposure sizes but heterogeneous 

PDs. For each sector we determine randomly one of the quality distributions from section 2.3. 

After that we draw the PD for each credit of the sector according to this quality distribution. 

The exposure size remains as in Simulation I. Again, the sector structure and correlation is 

taken from section 4.1. 

 

Simulation III: We generate portfolios with homogenous PDs as in Simulation I but with he-

terogeneous exposure sizes. Firstly, we choose the number of sectors randomly between 2 and 

11. Then we apply a uniform distribution between 0 and 1 for the weight of every sector and 

scale this in order to sum up the weights to one. The weights for the credits in each sector are 

determined in the same manner. The correlations remain unchanged. 

 

Simulation IV: In this setting the PDs as well as the exposure sizes of the generated portfo-

lios are heterogeneous. The PDs are determined as in Simulation II and the exposure sizes as 

in Simulation III. 

 

                                                 
53 Cespedes I still corresponds to the DF-function based on Monte-Carlo-Simulation and Cespedes II complies 

with the DF-function based on the Pykhtin formula. 
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In each simulation we calculate the intra-sector correlations with formula (21) and choose 

5,000 credits. These portfolios contain a relatively low amount of name concentration. Instead 

we focus on sector concentration. The reason is that the identical methodology for measuring 

name concentrations, the granularity adjustment, can be used within both approaches. Thus, 

we prefer to avoid name concentrations to be able to separately analyze the effect of sector 

concentrations. The degree of sector concentration differs between the simulations. In Simula-

tions I and II the portfolios consist of homogenous exposures leading to a CDI of 9.1% in 

each case. This equals the CDI for a naïve diversified portfolio. On the contrary in Simulation 

III and IV exposures are chosen randomly and the CDI of the generated portfolios can take 

values between 9.1%. (naïve diversification) and 1 (perfect concentration). The mean of these 

CDIs is around 30% in each simulation, which is only slightly higher than the CDIs of the 

bank portfolios analyzed by Acharya, Hasan, and Saunders (2006), which shows that the set-

ting leads to a realistic degree of diversification.54 The results of our simulation study can be 

found in Table 8. 

 

- Table 8 about here - 

 

Again, the outcomes of the Pykhtin model are a good approximation of the “true” result from 

the Monte-Carlo Simulations. Especially, when EADs are homogeneous the results are very 

good. Both types of the Cespedes model lead to very stable results in all simulation settings. 

Interestingly, the Cespedes model performs even better when PDs are heterogeneous, proba-

bly because the portfolios used for calculation of the functional form have heterogeneous 

PDs, too, and thus the resulting portfolios are more similar. Somewhat surprising, in Simula-

tion III the Cespedes model shows a better performance than the Pykhtin model even if the 

Pykhtin formula is used for determination of the diversification factor. Probably the approxi-

mation errors of the Pykhtin model are partially smoothed by the regression from formula 

(37).  

The comparison of the risk measures with different confidence levels shows an almost 

perfect match between ESmf and VaRmf. The relative error is smaller than 1% in each case. 

Thus, our simulation study clarifies that the above-mentioned theoretical problems of the non-

                                                 
54 Acharya, Hasan, and Saunders (2006) examined credit portfolios of 105 Italian banks during the period 1993-

1999. In this study, most bank portfolios had a CDI between 20% and 30%. However, it has to be considered 

that the number of different industry sectors was 23 whereas we used 11 different sectors. Thus, for a compara-

ble degree of diversification their calculated CDIs have to be slightly smaller than our CDIs.  
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coherent VaR are not practically relevant for a very broad range of credit portfolios. Hence, 

the use of the VaR for determining the credit risk seems to be unproblematic from a practical 

point of view even if the portfolio incorporates sector concentration risk. The Basel formula, 

however, shows the largest inaccuracy of all tested models for any simulation. Since in Simu-

lation I and II a naïve diversified portfolio is taken as a basis, the Basel formula overestimates 

the risk in every case due to the diversification effect. A plot of the relative errors of the Basel 

formula and of VaRmf in Simulation III, sorted in ascending order, can be found in Figure 5. 

Apart from slightly higher deviations, a plot with a similar characteristics results for Simula-

tion IV.  

 

- Figure 5 about here - 

 

It can be seen that for more than 50% of the simulated portfolios the Basel VaR is too low. 

That means the risk measured under Pillar 1 is underestimated compared to the “real” risk. In 

general this happens when the sector concentration of the generated portfolio increases, as al-

ready demonstrated for deterministic portfolios. Consequently, the simulation study accentu-

ates the need for considering sector concentration when calculating the risk of a credit portfo-

lio. Otherwise the risk can be massively underestimated. This conclusion coincides with that 

of BCBS (2006), which points out that sector concentration can increase the capital require-

ment up to 40%. The maximal deviation of VaRmf is around 3%, which is negligible for prac-

tical implementation. Actually, for most of the generated portfolios the error is almost zero. In 

order to verify if there is a systematic pattern, which may help to explain the occurrence of 

these deviations in the multi-factor setting, we tried to find portfolio variables such as CDI, 

average correlation or average PD that can explain these deviations. Since our analyses did 

not show a link between the deviations and any of the mentioned variables, it seems that the 

occurrence is unsystematic  

As the purpose of deriving (semi-)analytical approximation formulas for the VaR or the 

ES is an acceleration of the computation time, we compare the runtime of the demonstrated 

methods in Table 9.55 The main advantage of the Pykhtin model is that it can be applied with-

out an excessive calibration procedure and it is considerably faster than Monte-Carlo-

Simulations without leading to major approximation errors. When comparing both alternative 

implementations of the Cespedes model, we strongly propose to use the Pykhtin model for ca-

                                                 
55 The runtimes refer to a quad-core PC with 2.66 GHz CPUs (calculated on one core). 
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libration (Cespedes II) instead of Monte-Carlo-Simulations (Cespedes I) as the approximation 

accuracy is almost identically but the computation time for determination of the DF-function 

is significantly lower. As this calibration procedure only has to be computed once for a speci-

fied correlation structure and the application of the formula is very fast, in most situations the 

Cespedes type model should be a very good choice. 

 

- Table 9 about here - 

 

5 Conclusion 

In this paper we proposed a methodology to perform multi-factor models that are able to 

measure concentration risk in credit portfolios in terms of economic capital and still deliver 

results that are consistent with Basel II. Furthermore, we applied this to different multi-factor 

approaches and compared their performance. It could be shown that it is possible to achieve 

good approximations in reasonable time when the approaches are adjusted in the proposed 

way. 

We also discussed the shortcomings of the Value at Risk, which can arise when leaving 

the ASRF-framework. From a theoretical point of view, it is advisable to use a coherent risk 

measure like the ES. Since the ES, by definition, is higher than the VaR if we use the same 

confidence level, we performed a mapping procedure that determines the confidence level (z 

= 99.72%) of the ES to get reasonable results. Despite the mentioned shortcomings, however, 

the accuracy of the VaR turned out to be almost perfect compared to the ES for a multitude of 

generated portfolios. Thus, in our opinion, it is unproblematic to use the VaR for measuring 

concentration risk of credit portfolios.  

Furthermore, we chose input parameters, especially the inter- and intra-sector correla-

tions, in a way that the results are comparable with the regulatory Pillar 1 capital. Conse-

quently, we do not follow some approaches that assume a pure diversification effect com-

pared with the Basel II formula. Instead, we relate the results to a well-diversified portfolio as 

assumed when calibrating the Basel II formula and determine a function for the implied intra-

sector correlation. Hence, it is possible to directly consider the extent of credit risk concentra-

tions in the assessment of capital adequacy under Pillar 2. Using these modifications, we per-

formed an extensive numerical study similar to Cespedes et al. (2006) to get a closed form 

approximation formula. In addition, we suggest computing the multi-factor adjustment on 

bucket instead of borrower level. This allows to compute the Pykhtin formula much faster 

than Monte-Carlo-Simulations even for a high number of credits. 
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Having assured a Basel II consistent capital requirement, we analyzed the impact of credit 

concentration risk and carried out a simulation study to compare the performance of the (mod-

ified) models from Cespedes et al. (2006) and Pykhtin (2004). We detect that the Pykhtin 

model leads to very good results for homogeneous as well as heterogeneous PDs when EADs 

are homogeneous. The performance is slightly lower for heterogeneous EADs. The results of 

the Cespedes model have a throughout high accuracy. Interestingly, the approach works better 

for heterogeneous portfolios. In general, both models can be used for approximating the eco-

nomic capital in a multi-factor setting when adjusted in the proposed way. The main advan-

tage of the Pykhtin model is that it can be directly applied to an arbitrary portfolio type, whe-

reas the approach of Cespedes et al. (2006) should not be used without initially performing 

the demonstrated extensive numerical work when the portfolio structure is very different. On 

the contrary, the results of the Cespedes model were slightly better for heterogeneous portfo-

lios and it allows for ad-hoc analyses including sensitivity analyses when the non-recurring 

extensive numerical work is progressed. 

In further analyses it would be interesting to analyze the approach of Cespedes et al. 

(2006) when adjusted to a specific bank portfolio. Under the (plausible) assumption that a 

bank’s portfolio will only be faced to minor changes for a finite period, it should be possible 

to get a higher accuracy for this bandwidth of scenarios. Moreover, it would be helpful to 

know how much numerical work is necessary when the parameters are highly restricted to 

these realistic cases to achieve stable results because the extensive computation time is still a 

challenge. 
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Appendix A.1 

To relate L  to L  the systematic factor x  is defined as 

 
K K

2
k k k

k 1 k 1
x b z , with b 1.∑ ∑  (A.1) 

On condition that L E L | x⎡ ⎤⎣ ⎦  Pykhtin (2004) shows that ic  can be calculated as 
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with i,k s,k  and i sx x  for obligor i in sector s.  

Since there is no unique method to determine the coefficients k{b }, we use the approach 

presented by Pykhtin (2004). Thus, the coefficients are chosen in a way that the correlation 

between x  and { x } will be maximized, in order to minimize the difference given by (24) be-

tween the quantiles zq (L)  and zq (L) . This leads to the following maximization problem: 
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The solutions of k{b } are given as 

 
n

i ik
k

i 1

db ,∑  (A.4) 

where the Lagrange multiplier  is chosen so that { kb } satisfy the constraint. There is no ob-

vious choice of the weighting factors id  but 
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 (A.5) 

leads to good results, which is the VaR formula in a single factor model. The intuition behind 

this choice is that obligors with a high exposure in terms of VaR should get a high weight in 

the maximization problem. 

 

Appendix A.2 

The derivatives of (23) are calculated as follows: 

 
n n

i i i i i i
i 1 i 1

l (x) w LGD p (x), l (x) w LGD p (x)∑ ∑ . (A.6) 
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The derivatives ip (x)  and ip (x)  of the conditional default probability are calculated by diffe-

rentiation of equation (6) as 
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i i i
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i i
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p (x) n

1 c 1 c
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, (A.7) 
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 (A.8) 

Since L  is deterministic for given x , v( x ) equals the conditional variance of L , this means 

v(x) var(L L | x) var(L | x). To calculate v( x ) the conditional variance can be decom-

posed as the sum of systematic and idiosyncratic parts: 

 
GA

k k

v (x) v (x )

v(x) var[E(L |{z }) | x] E[var(L |{z }) | x].  (A.9) 

The first summand v (x)  of (A.9) can be calculated as 
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where x
ij  describes the conditional asset correlation 
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The first derivative of v (x)  is given by: 
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The second summand GAv (x)  of (A.9) and its derivative GAv (x)  are 
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 I 

FIGURE 1 Accuracy of the Pillar 1 capital requirements considering risk concentra-
tions 
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FIGURE 2 Portfolio quality distributions 
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FIGURE 3 Diversification Factor realizations on the basis of 50,000 simulations 
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FIGURE 4 Surface plot of the DF-function 
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FIGURE 5 Deviations of VaRBasel and VaRmf from ESmf
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 VI 

 
TABLE 1 Confidence levels for the ES implying Basel

zES  to be matched with the  
VaRBasel for portfolios of different quality 

 
 Portfolio Type / Quality VaRBasel & Basel

zES  Confidence Level z(ES) 

(I) AAA only 0.57% 99.672% 

(II) Very High 6,12% 99.709% 

(III) High 7.59% 99.711% 

(IV) Average 12.94% 99.719% 

(V) Low 20.89% 99.726% 

(VI) Very Low 23.30% 99.727% 

(VII) CCC only 57.00% 99.741% 
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TABLE 2 Inter-sector correlation structure based on MSCI industry indices (in %) 

 a 

Sector A B C1 C2 C3 D E F H I J 
A: Energy 100 50 42 34 45 46 57 34 10 31 69 

B: Materials  100 87 61 75 84 62 30 56 73 66 

C1: Capital Goods   100 67 83 92 65 32 69 82 66 

C2: Comm. Svs. & Supplies    100 58 68 40 8 50 60 37 

C3: Transportation     100 83 68 27 58 77 67 

D: Consumer Discretionary      100 76 21 69 81 66 

E: Consumer Staples       100 33 46 56 66 

F: Health Care        100 15 24 46 

H: Information Technology         100 75 42 

I: Telecommunication Services          100 62 

J: Utilities           100
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TABLE 3 Overall sector composition of the German banking system  

Sector Exposure Weight 
A: Energy 0.18% 

B: Materials 6.01% 

C1: Capital Goods 11.53% 

C2: Comm. Svs. & Supplies 33.69% 

C3: Transportation 7.14% 

D: Consumer Discretionary 14.97% 

E: Consumer Staples 6.48% 

F: Health Care 9.09% 

H: Information Technology 3.20% 

I: Telecommunication Services 1.04% 

J: Utilities 6.67% 
 

 

  



 FIGURES AND TABLES  

 IX 

TABLE 4 Implicit intra-sector correlations for different portfolio quality 
 

 
 
 
 
 
 
 
 
 
 

Portfolio Type / Quality Implicit Intra-Sector Correlation 

(I) Very High 30% 

(II) High 28% 

(III) Average 25% 

(IV) Low 23% 

(V) Very Low 21% 
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TABLE 5 Comparison of the models for the 5 benchmark portfolios with absolute er-
ror in basis points (bp) and relative error in percent (%) 
 

 

 Portfolio 
1 

Portfolio 
2 

Portfolio 
3 

Portfolio  
4 

Portfolio 
5 

MC-Sim. 

ES 6.23% 7.68% 12.95% 20.88% 23.15% 

VaR 6.18% 7.62% 12.94% 20.93% 23.3% 

Absolute Error -5 bp -6 bp -1 bp 5 bp 15 bp 

Relative Error -0.80% -0.78% 0.08% 0.24% 0.65% 

Basel II 

VaR 6.12% 7.59% 12.95% 20.89% 23.26% 

Absolute Error -11 bp -9 bp 0 bp 1 bp 11 bp 

Relative Error -1.77% -1.17% 0.00% 0.05% 0.48% 

Pykhtin 

ES 6.21% 7.66% 12.91% 20.80% 23.20% 

Absolute Error -2 bp -2 bp -4 bp -8 bp 5 bp 

Relative Error -0.32% -0.26% -0.31% -0.38% 0.22% 

Cespedes I 

ES 6.07% 7.51% 12.70% 20.43% 22.79% 

Absolute Error -16 bp -17 bp -25 bp -45 bp -36 bp 

Relative Error -2.57% -2.21% -1.93% -2.16% -1.56% 

Cespedes II 

ES 6.00% 7.45% 12.68% 20.48% 22.87% 

Absolute Error -23 bp -23 bp -27 bp -40 bp -28 bp 

Relative Error -3.69% -2.99% -2.08% -1.92% -1.21% 
a 
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TABLE 6 Comparison of the models for 5 high concentrated portfolios with absolute  
error in basis points (bp) and relative error in percent (%) 

 Portfolio 
1 

Portfolio 
2 

Portfolio 
3 

Portfolio  
4 

Portfolio 
5 

MC-Sim. 

ES 7.69% 9.22% 15.41% 24.41% 27.10% 

VaR 7.48% 9.17% 15.36% 24.51% 27.06% 

Absolute Error -21 bp -5 bp -5 bp 10 bp -6 bp 

Relative Error -2.73% -0.54% -0.32% 0.41% 0.15% 

Basel II 

VaR 6.12% 7.59% 12.95% 20.89% 23.26% 

Absolute Error -157 bp -163 bp -246 bp -352 bp -384 bp 

Relative Error -20.42% -17.68% -15.96% -14.42% -14.17% 

Pykhtin 

ES 7.66% 9.29% 15.46% 24.39% 27.03% 

Absolute Error -3 bp 7 bp 5 bp -2 bp -7 bp 

Relative Error -0.35% 0.76% 0.31% -0.08% -0.24% 

Cespedes I 

ES 7.40% 9.08% 15.59% 25.07% 27.95% 

Absolute Error -29 bp -14 bp 18 bp 66 bp 85 bp 

Relative Error -3.77% 1.52% 1.17% 2.70% 3.14% 

Cespedes II 

ES 7.22% 8.86% 15.19% 24.38% 27.14% 

Absolute Error -47 bp -36 bp -22 bp -3 bp 4 bp 

Relative Error -6.11% -3.90% -1.43% -0.12% 0.15% 
a 
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TABLE 7 Comparison of the models for 5 low concentrated portfolios with absolute  
error in basis points (bp) and relative error in percent (%) 
 

 

 Portfolio 
1 

Portfolio 
2 

Portfolio 
3 

Portfolio  
4 

Portfolio 
5 

MC-Sim. 

ES 5.66% 6.98% 12.16% 19.78% 22.06% 

VaR 5.64% 6.94% 12.17% 19.81% 22.10% 

Absolute Error -2 bp -4 bp 1 bp 3 bp 4 bp 

Relative Error -0.35% -0.57% 0.08% 0.15% 0.18% 

Basel II 

VaR 6.12% 7.59% 12.95% 20.89% 23.26% 

Absolute Error 46 bp 61 bp 79 bp 111 bp 120 bp 

Relative Error 8.13% 8.74% 6.50% 5.61% 5.44% 

Pykhtin 

ES 5.67% 6.98% 12.14% 19.74% 22.08% 

Absolute Error 1 bp 0 bp -2 bp -4 bp 2 bp 

Relative Error 0.26% -0.07% -0.16% -0.21% 0.09% 

Cespedes I 

ES 5.66% 6.94% 11.92% 19.17% 21.38% 

Absolute Error 0 bp -4 bp -24 bp -61 bp -68 bp 

Relative Error 0.0% -0.57% -1.97% -3.08% -3.08% 

Cespedes II 

ES 5.64% 6.94% 12.06% 19.52% 21.81% 

Absolute Error -2 bp -4 bp -10 bp -26 bp -25 bp 

Relative Error -0.35% -0.57% -0.82% -1.31% -1.13% 
a 
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TABLE 8 Comparison of the models resulting from simulation studies  
with different parameter settings 
 

 Simulation
I 

Simulation
II 

Simulation 
III 

Simulation
IV 

MC-Sim. VaR 
Ø Absolute Error 18 bp 6 bp 22 bp 8 bp 

Ø Relative Error 0.67% 0.43% 0.77% 0.60% 

Basel II 
Ø Absolute Error 259 bp 186 bp 264 bp 379 bp 

Ø Relative Error 11.66% 13.70% 8.81% 25.76% 

Pykhtin 
Ø Absolute Error 14 bp 11 bp 54 bp 18 bp 

Ø Relative Error 0.64% 0.81% 3.40% 1.26% 

Cespedes I 
Ø Absolute Error 54 bp 11 bp 47 bp 20 bp 

Ø Relative Error 1.73% 0.79% 1.65% 1.53% 

Cespedes II 
Ø Absolute Error 54 bp 12 bp 46 bp 21 bp 

Ø Relative Error 1.72% 0.84% 1.56% 1.59% 
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TABLE 9 Comparison of the runtime 
 

 Runtime: Calibration Runtime: Application 

MC-Simulation  20 min 

Pykhtin  ~ 10 sec - 2 min 

Cespedes I 30 days 0.01 sec 

Cespedes II 150 min 0.01 sec 
 

 




